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Abstract

In this article the effects of internal fins on laminar incompressible fluid flow and heat transfer inside rotating straight pipes and sta-
tionary curved pipes are numerically studied under hydrodynamically and thermally fully developed conditions. The fins are assumed to
have negligible thickness with the same conditions as the pipe walls. Two cases, constant wall temperature and constant heat flux at the
wall, are considered. First the accuracy of the numerical code written by a finite volume method based on SIMPLE algorithm is verified
by the available data for the finless rotating straight pipes and stationary curved pipes, and then, the numerical results for those internally
finned pipes are investigated in detail. The numerical results for different sizes and numbers of internal fins indicate that the flow and
temperature field analogy between internally finned rotating straight pipes and stationary curved pipes still prevail. The effects of Dean
number (KL) versus friction factor, Nusselt number, and other non-dimensional parameters are studied in detail. From the numerical
results obtained, an optimum fin height about 0.8 of pipe radius is determined for Dean numbers less than 100. At this optimum value,
the heat transfer enhancement is maximum, and the heat transfer coefficient appears to be 6 times as that of corresponding finless pipes.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

One of the most common ways to increase the heat
transfer coefficient and reduce the size of heat exchangers
is the use of internal fins. By doing so, the flow friction
and the pumping power will increase. However, the heat
transfer enhancement dominates to drawback resulting
from the increase of friction in an optimum thermal design.
Compact heat exchangers, cooling systems of gas turbines,
nuclear reactors, and jet engines are the examples among
large number applications of internally finned tubes.

Many analytical, experimental, and numerical works
regarding internally finned stationary straight pipes with
different cross sectional areas were published. Among
them, it can be referred briefly to the works of Nanda-
0017-9310/$ - see front matter � 2005 Elsevier Ltd. All rights reserved.
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kumar and Masilyah [1] and Soliman et al. [2] in hydrody-
namically fully developed flows, Soliman et al. [3],
Masliyah and Nandhakumar [4], and Hu and Chang [5]
in thermally fully developed flows, Rustum and Soliman
[6] and Prakash and Liu [7] in thermally developing flows,
Prakash and Patankar [8] in radial fin effects on the heat
transfer enhancement, and Dong and Ebadian [9,10] in
internal fin effects in a straight duct with elliptic cross sec-
tion. Also within recent years Campo and Chang [11] have
proposed correlations for friction factor and convective
coefficients in tubes containing internally longitudinal fins,
Fabbir [12] has investigated an optimum internal fin profile
by a finite element method, Huq et al. [13] have studied
experimentally heat transfer enhancement in an internally
finned tube and indicated that heat transfer coefficient in-
creases twice as much as finless pipes, Ledezma and Campo
[14] have approximated Nusselt number distribution in en-
tire length of the pipe by a simple approximate numerical
method, Yu et al. [15] have studied experimentally the
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Nomenclature

Au source term in r direction
Av source term in h direction
Aw source term in z or / direction
C pressure gradient in z direction
Cp specific heat at constant pressure
d pipe radius
F friction coefficient
F0 friction coefficient of finless stationary straight

pipe
k thermal conductivity
KL Dean number
KLC Dean number for curved pipe
KLR Dean number for rotating pipe
N number of fins
N unit normal vector
Nu Nusselt number
NuT Nusselt number at constant wall temperature
NuH Nusselt number at constant heat flux at the wall
P pressure
P* reduced pressure
Pr Prandtl number
qw heat flux at the wall
r radial coordinate
R mean radius of curvature
T fluid temperature
Tb bulk fluid temperature

Tw wall temperature
U velocity in r direction
v velocity in h direction
w axial velocity
wm mean axial velocity
z axial coordinate

Greek symbols

a thermal diffusivity
h angular coordinate
k ratio of mean radius of curvature to pipe diam-

eter
X angular velocity of rotation
/ curvature coordinate
q density
m kinematic viscosity

Subscripts
0 finless stationary straight pipe
w pipe wall
m mean value
max maximum value
b bulk property

Superscript

� dimensionless parameters
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pressure drop and heat transfer enhancement in tubes with
internal wave like longitudinal fins and offered correlations
for friction factor and Nusselt number at the range of Rey-
nolds numbers 900–3500. Tsui and Leu [16] have numeri-
cally studied the effect of vortex generator internal fins on
heat transfer enhancement in three-dimensional case and
declared that the heat transfer is greatly enhanced because
of transport of the high speed core flow by the vortex to
sweep across the wall and fins. Using Finite difference
method, Sakalis and Hatzikonstantinou [17] have investi-
gated laminar heat transfer in the internally finned square
ducts and made a conclusion that in the thermally develop-
ing region heat transfer enhancement is high, but in ther-
mally developed region as the fin height increases the
heat transfer coefficient increases. Very recently, Zeitoun
and Hegazy [18] have simulated numerically heat transfer
in laminar flow of internally finned pipes with different
fin heights at constant wall temperature. Their results indi-
cate that using different fin heights causes the friction
power to become less than that for the even fin height case.
As it is clear from the above brief literature survey, all the
investigations have considered different aspects of internal
fin effects on the heat transfer enhancement in straight sta-
tionary pipes, and the simultaneous effect of internal fins
and curvature/rotation on heat transfer coefficient is not
considered to the best of our knowledge.
In this article, laminar incompressible flows in a rotating
straight pipe and in a stationary curved pipe with internal
longitudinal fins are studied numerically by a finite volume
method. The flow is considered in hydrodynamically and
thermally fully developed region, hence, the flow field, tak-
ing into account the symmetry, is simulated only in semi-
circular cross section in both cases. The fins are assumed
to have negligible thickness with a 100% efficiency. The
effects of heat transfer enhancement in two different ther-
mal boundary conditions, i.e. constant wall temperature
and constant heat flux at the wall, are investigated. Also
the analogy of flow field in the presence of internal fins
between a rotating straight pipe and a stationary curved
pipe is demonstrated. Finally, the optimum height of inter-
nal fins to have large amount of heat transfer enhancement
without great increase of friction power is studied. It
should be pointed out that to the best our knowledge, there
have been no results reported for the flow in internally
finned rotating straight and stationary curved pipes.

2. Governing equations

Here, two problems consisting of laminar incompress-
ible viscous fluid flow in a stationary curved pipe and in
a rotating straight pipe are studied in hydrodynamically
and thermally fully developed conditions. The geometry
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Fig. 1. Geometry of flow fields (a) curved pipe (b) rotating straight pipe.
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of flow field for both cases involving pipes with circular
cross section are shown in Fig. 1. The curved pipe is sta-
tionary with a mean radius of curvature R, and the straight
pipe is rotating about an axis perpendicular to the main
flow direction as in Fig. 1. For convenience the governing
equations consisting of continuity, momentum, and energy
equations are written in toroidal coordinates (r,h,/) for the
stationary curved pipe and in cylindrical coordinates
(r,h,z) for the rotating straight pipe. To compact the equa-
tions, both cases are considered to follow the same equa-
tions with different source terms in each case. In the
rotating straight pipe, the system of coordinate is rota-
tional, and hence, the coriolis and centrifugal forces will
appear in the momentum equations. It should be pointed
out that for most applications the curvature radius of the
curved pipe is much larger than the pipe radius, therefore,
here, the loose coil approximation is applied. By taking
into account the points mentioned above, the fully devel-
oped flow equations are as follows [19,20]:
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where u, v, w are the velocity components in r, h and z

directions in the straight pipe, and in r, h and u directions
in the stationary curved pipe, respectively. Also, P is the
pressure, P* the reduced pressure, C the pressure gradient
in z direction, q the density, m the kinematic viscosity, Au

the source term in r direction, Av the source term in h direc-
tion, Aw the source term either in z or u direction, a the
thermal diffusion, and T the temperature. In the energy
equation, Eq. (5), the dissipation energy term is neglected
due to its small effect.

In the rotating straight pipe, the corresponding source
terms in Eqs. (2)–(4) along with P* and C are

Au ¼ �2Xw cos h; Av ¼ 2Xw sin h;

Aw ¼ 2Xðu cos h� v sin hÞ; ð7Þ

P � ¼ P � 1

2
qX2ðr2cos2hþ z2Þ; ð8Þ

C ¼ � oP �

oz
; ð9Þ

where X denotes the angular velocity of rotation.
The source terms and P* for the stationary curved pipe

are

Au ¼ �w2

R
cos h; Av ¼

w2

R
sin h; Aw ¼ 0; P � ¼ P ;

ð10Þ
where R is the mean radius of curvature.

As already pointed out, the main objective of this article
is the study of flow and heat transfer in stationary curved
pipes and rotating straight pipes in the presence of internal
fins. In this study, the fins are assumed to have negligible
thickness with a symmetrical arrangement relative to the
horizontal diameter of the pipe. Under these circum-
stances, the flow field is symmetrical, and it is enough to
take into account either upper semi-circle or lower semi-
circle in the numerical simulation. The boundary condi-
tions for the velocity u, v and w are no-slip conditions on
the pipe wall and on the fin surfaces:

u ¼ v ¼ w ¼ 0 at r ¼ d
2

and on the fin surfaces. ð11Þ

Applying symmetry condition, it can be written:

ou
oh

¼ ow
oh

¼ oT
oh

¼ 0 and v ¼ 0 at h ¼ 0; p. ð12Þ

For pressure on the boundaries the Neumann condition is
used:

oP
on

¼ 0. ð13Þ

To study heat transfer enhancement by inserting inter-
nal fins, the energy equation, Eq. (5), is solved for two
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different thermal boundary conditions, i.e., constant wall
temperature and constant heat flux at the wall. Therefore,
the implemented thermal boundary conditions are

T ¼ T w or q ¼ qw ðr ¼ d=2 on the surface of the FinnesÞ
ð14Þ

The temperature gradient in the main flow direction
under thermally fully developed condition in the constant
heat flux boundary based on the average wall temperature
and in the constant wall temperature boundary, respec-
tively, are

oT
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¼ dT w
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¼ 4:9qw

qCp � wm � d ; ð15Þ
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T w � T b

� dT b
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; ð16Þ

where wm is the average axial velocity, Cp the constant pres-
sure heat capacity, and Tb the bulk fluid temperature which
is defined as

T b ¼
R
A wT dAR
A wdA

. ð17Þ

Taking into account the velocity scale of secondary flow
as UsR ¼ ðXwm � dÞ1=2 ¼ wm=R

1=2
0 , where R0 = wm/Xd is the

Rossby number, the non-dimensional parameters used in
the rotating straight pipe are
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where KLR denotes the Dean number in the rotating
straight pipe, T w the average surface temperature, and k

the thermal conductivity.
For the stationary curved pipe, the non-dimensional

parameters can be written as
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k v � k
where k is the ratio of mean radius of curvature of the pipe

to diameter of the pipe (R/d), and USC = wm Æ (d/R)1/2 =

wm/k
1/2 is the secondary flow velocity scale. It should be

emphasized that in this study the loose coil approximation
is applied, where k is greater than 8.

In this work two set of semi-empirical formulas devel-
oped for finless stationary curved pipes and finless rotating
straight pipes [19,20] are used to test the accuracy of the
code implemented. For skin friction factor the semi-empir-
ical formula proposed is

f
f0

¼ K1=2
L ð0:0899þ 1:11K�0:701

L Þ

for 15 < KL < 3000; R0 > 8; f 0 ¼
64

Re
. ð20Þ

Nusselt number for constant heat flux is determined by
following semi-empirical formulas:
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In constant wall temperature, semi-empirical relations

for Nusselt number are
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3. Numerical method

The governing equations, Eqs. (1)–(5), are solved by a
finite volume method based on the SIMPLE algorithm.
Using staggered grid, the advection–diffusion terms are dis-
critized by power law scheme in a polar coordinate which is
suitable for circular domains like in this study. For conve-
nience, all the finite volumes are in quadrilateral shape
except the one at the center, which is polygonal depending
on the number of divisions used in h-direction. The numer-
ical results shown here are obtained in a grid with a resolu-
tion of 39 · 44, but the conservative property of the
numerical code has been successfully tested in different



Table 1
Grid independency test for three different grid sizes

NuH
NuH0

Tw � Tm

qd=K
F
F 0

Grid size

5.61 0.062 3.29 29 · 34

5.68 0.061 3.37 39 · 44

5.74 0.0614 3.41 49 · 54

Fig. 2. Axial velocity and secondary flow streamline contours for finless
pipe (left), pipe with four internal fins (middle), and pipe with six internal
fins (right) at different KL numbers. Upper semi-circle indicates rotating
straight pipe and lower semi-circle indicates curved pipe. (a) KL = 10, (b)
KL = 100, (c) KL = 800.
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coarser and finer grids. The system of descritized equations
are solved by TDMA method, and the relaxation tech-
niques are applied to improve the convergency rate. It
should be declared that the maximum error for the residu-
als in all runs is of the order of 10�8.

To investigate grid independency of the code imple-
mented, three different grid sizes as shown in Table 1 are
considered to simulate a fully developed flow and heat
transfer inside a curved pipe with six internal fins at con-
stant heat flux thermal boundary conditions and Dean
number of 100. The comparison of the skin friction coeffi-
cients, mean temperatures, Nusselt numbers, and flow field
patterns among the three meshes indicate that the conser-
vative property of the code is well established. The maxi-
mum difference of the values between two consecutive
meshes is about 2%, which is numerically acceptable for
different mesh sizes. In this study considering CPU time
and the accuracy, the mesh size 39 · 44 is used for all the
simulations.
4. Results and discussion

The numerical results presented here study and compare
the six cases consisting of a finless curved pipe, a finless
rotating straight pipe, internally finned stationary curved
pipes with four and six fins, and internally finned rotating
straight pipes with four and six fins. Unless otherwise
noted, the height of fins is considered to be half of the pipe
radius and the thermal boundary is constant temperature
at the wall. To validate the numerical code accuracy, the
following numerical results are compared with the semi-
empirical relations developed by Ishigaki [19,20] for finless
pipes both hydrodynamically and thermally fully devel-
oped conditions. As it will be shown, the comparison indi-
cates good agreement with the semi-empirical results,
therefore, the numerical results obtained for the internally
finned pipes will be reliable.

Fig. 2a–c shows the axial velocity and secondary flow
streamline contours at the three KL numbers of 10, 100,
and 800. The upper semi-circle is related to the rotating
straight pipe and the lower semi-circle is concerned with
the stationary curved pipe. The results for the three cases,
the finless pipe and the four and the six internally finned
pipes, confirm that the analogy of flow field in both finless
and internally finned pipes between a straight rotating pipe
and a stationary curved pipe establishes. This has already
been discovered for finless pipes by Ishigaki [19,20]. From
Fig. 2b and c, it can be seen that as the KL number
increases the flow field patterns get more complex due
to strong secondary flow effects.

Fig. 3a–c with the same manner mentioned in Fig. 2 rep-
resent the isothermal temperature contours at four different
Prandtl numbers of 0.003, 1, 13, and 50. Here, a thermal
analogy between the rotating straight pipe and the curved
stationary pipe is observed, and as Prandtl number
increases thermal diffusion becomes larger, especially for
the internally finned pipes due to increase of heat transfer
area. Also with the increase of KL number, the temperature
field patterns becomes more complex due to high intensity
secondary flows.

The absolute maximum secondary stream function val-
ues, wmax, are given in Fig. 4 versus KL numbers for finless



Fig. 3. Contours of temperature at different Prandtl numbers for finless pipe (left), pipe with four internal fins (middle), and pipe with six internal fins
(right). (a) KL = 10, (b) KL = 100, (c) KL = 800.
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and internally finned pipes. The solid lines are attributed to
stationary curved pipes, dash lines are for straight rotating
pipes, and the characters are for semi-empirical formula.
As it can be seen from the figure, the maximum value of
stream function for the stationary curved pipes in both
with and without fines is greater than that of the straight
rotating pipes. This is because of strong secondary flow
effects in curved pipes, induced only by centrifugal forces,
relative to the rotating straight pipes induced by centrifugal
and coriolis forces which are not necessarily in favor of
each other. Using internal fins weakens global secondary
flow effect and separate it into small regions confined
among the fines. Therefore, the maximum value of stream
function becomes smaller in comparison with the finless
cases. For the same reason, as the fin number increases,
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the maximum stream function value reduces. Around KL

number of 100, the maximum point occurs, and beyond
that, due to higher dissipation energy in the pipes, the sec-
ondary flow effects weaken, which result in the reduction of
maximum stream function.

Fig. 5 indicates that the maximum axial velocity in fully
developed region for finless pipes is smaller than that for
the internally finned pipes. Here, this is because of no slip
conditions applied on the fins, and as the fin numbers
increases, the maximum axial velocity increases. Three dif-
ferent regions appear for the maximum axial velocity in
Fig. 5. For KL number less than about 50 it remains con-
stant for all cases, and the results for stationary curved
pipes in both with and without fines coincide to the same
results as in rotating straight pipes. Between KL numbers
of 50 and 150, the maximum axial velocity drops more rap-
idly for internally finned pipes than for finless pipes, and
beyond that it remains almost constant. Also, the dropping
slope for the stationary curved pipes is slightly more than
that of rotating straight pipes. The physical point behind
this stems from the secondary flow effects, i.e. in the sta-
tionary curved pipe the higher KL number means the higher
strength of secondary flows generated by only centrifugal
forces, but in a rotating straight pipe the higher KL number
indicates weaker secondary flow effects relative to the
curved pipe case due to the counterbalance of centrifugal
and coriolis forces. Furthermore, using internal fins
strengthen secondary flow effects, and for KL numbers
greater than 300 in the stationary curved pipes and greater
than 400 in the rotating straight pipes, the maximum axial
velocity becomes less than the similar finless cases.

Fig. 6 shows friction factor for the six cases already
mentioned. As it is evident, using internal fins increases
the friction factor 2–3 times relative to the finless cases
for KL numbers less than 800, and beyond that by increas-
ing KL number the augmentation of friction factor de-
creases due to the reduction of maximum axial velocity
displayed in Fig. 5. In addition, the friction factor for the
KL numbers greater than 100 in the rotating straight pipes
either finless or internally finned, is slightly less than the
similar stationary curved cases.
The maximum temperature versus KL number for Pra-
ndtl numbers of 0.7 and 50 is shown in Fig. 7. Here, heat-
ing of the fluid is considered, hence, the wall temperature is
greater than the fluid temperature, and therefore, the differ-
ence of the wall and the maximum fluid temperature
decreases when heat transfer rate increases. Noting this
point, Fig. 7 indicates that as KL number increases the
maximum temperature increases due to higher heat trans-
fer rate induced by high intensity secondary flow effects
in large KL numbers. As it is expected, for internally fined
pipes and for large Prandtl numbers, the maximum temper-
ature is greater than the other similar cases. For the same
reasons already pointed out, the maximum temperature
for the stationary curved pipes is slightly greater than that
for the rotating straight pipes. Fig. 8 supports the results
shown in Fig. 7. Here, the variation of Nusselt number
with KL number for the same cases as in Fig. 7 at constant
wall temperature is represented. For the cases shown in
Fig. 8, about 20–40% enhancement in Nusselt number for
the pipes with internal fins is observed. The similar results
for the constant heat flux at the pipe wall are shown in
Fig. 9. In Fig. 10a and b the absolute values of Nusselt
numbers at two different thermal boundary conditions
for stationary curved pipes and rotating straight pipes
both finless and with internal fines are shown respectively.
The results indicate the same trend of Nusselt number
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variations for the two different pipes, both quantitatively
and qualitatively. Furthermore, the values of Nusselt num-
ber for the constant heat flux at the wall are greater than
the ones for constant temperature at wall, especially for
the pipes with internal fines.

To study the influence of fin height on the enhancement
of heat transfer rate, the pipes with six internal fins for both
stationary curved and rotating straight cases are consid-
ered. Seven different fin heights, starting from one third
to nine tenth of the pipe radius, are selected. In Fig. 11,
the friction factor for seven different fin heights is shown
versus KL number. It can be realized that the increase rate
of friction factor due to fin height becomes smaller as the
fin height increases. For the corresponding cases, Nusselt
number variations with KL number for the constant heat
flux at the wall are shown in Fig. 12. To find out the opti-
mum fin height, Coulburn factor (j ¼ Nu=ðRePr1=3Þ) over
Fanning friction factor versus KL number is shown in
Fig. 13a and b for different fin sizes. For KL numbers less
than 100 (Fig. 13a), the J/F values for fin height equal to
0.8 of pipe radius are greater than the other cases, indicat-
ing the optimum fin height to heat transfer enhancement.
But for KL numbers greater than 100, an interesting result
takes place. In this case, it can be realized from Fig. 13b, as
the fin height reduces the J/F values increases. Therefore,
insertion of internal longitudinal fins for KL numbers
greater than 100 results in consuming greater pump power
to overcome friction, and there is no optimum value for fin
height in this range.

Consequently, the optimum fin height, taking into ac-
count the heat transfer enhancement and the drawback
of friction factor increase, is 0.8 of pipe radius for KL num-
bers less than 100. By considering this optimum value, the
heat transfer rate in internally finned curved pipes and
straight rotating pipes increase about 6 times compared
to the corresponding finless pipes.
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For the next studies, this work can be extended for flows
inside curved and rotating pipes with longitudinal internal
fins and also rectangular cross sections to take into account
cooling problems in rotating machines such as gas turbine
blades. Among the papers in this regard for finless pipes, it
may be referred to the work of Zhang et al. [21] who stud-
ied Fluid flow in a finless rotating curved rectangular duct.
Furthermore, another interesting phenomenon concerning
with the effects of chaotic aspects on flow and heat transfer
can be studied in internally finned curved pipes as Mokrani
et al. [22] and Lemenand and Peerhossaini [23] have carried
out for finless pipes.

5. Conclusions

Laminar incompressible viscous flow in internally
finned curved pipes and rotating straight pipes are studied
in both hydrodynamically and thermally fully developed
conditions. The numerical analysis indicates that the anal-
ogy of flow field between curved pipes and rotating
straight pipes in the presence of internal fins still occur
as that of for finless pipes. The presence of internal fins
causes the secondary flows separate into small regions
among the fins with more vortices relative to the finless
cases. The effects of Dean number (KL) versus friction fac-
tor, Nusselt number, and other non-dimensional parame-
ters are studied in detail. From the numerical results
obtained, an optimum fin height about 0.8 of pipe radius
is determined for Dean numbers less than 100. At this
optimum value, the heat transfer coefficient appears to
be 6 times as that of finless pipes. For KL numbers greater
than 100 there is no optimum fin height concerning
heat transfer enhancement without drawback of friction
power.
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